Within a framework of the three-dimensional (3D) piezoelectricity, we present asymptotic formulations of functionally graded (FG) piezoelectric cylindrical shells under cylindrical bending type of electromechanical loads using the method of perturbation. Without loss of generality, the material properties are regarded to be heterogeneous through the thickness coordinate. Afterwards, they are further specified to be constants in single-layer homogeneous shells and to obey an identical exponent-law in FG shells. The transverse normal load and normal electric displacement (or electric potential) are, respectively, applied on the lateral surfaces of the shells. The cylindrical shells are considered to be fully simple supports at the edges in the circumferential direction and with a large value of length in the axial direction. The present asymptotic formulations are applied to several benchmark problems. The coupled electro-elastic effect on the structural behavior of FG piezoelectric shells is evaluated. The influence of the material property gradient index on the variables of electric and mechanical fields is studied.
Introduction
Since numerous articles have reported that laminated piezoelectric structures often produce interfacial stress concentration and large value of residual thermal stresses at the interfaces between elastic and piezoelectric layers as they are subjected to a variety of electro-thermo-mechanical loads (Heyliger, 1997; Kapuria et al., 1997; Chen et al., 1999; Wang and Zhong, 2003) . That fact due to a sudden change of material properties occurring at the interfaces between two dissimilar materials may limit the lifetime of this conventional type of intelligent or smart structures.
In recent years, a new class of functionally graded (FG) piezoelectric materials has been widely used as intelligent or smart structures in the engineering applications. Unlike a sudden change of material properties in laminated piezoelectric structures, the material properties of FG structures are gradually changed and dependent upon the composition of the constituent materials. Since the interfacial stresses in the FG piezoelectric plates and shells change smoothly, the aforementioned drawbacks in laminated piezoelectric structures are reduced.
Recently, several researchers have worked on determination of exact solutions of FG piezoelectric plates and shells due to the increasing usage of FG materials. Ramirez et al. (2006a) presented an approximately three-dimensional (3D) solution for the coupled static analysis of FG piezoelectric plates using a discrete layer approach. Two types of FG materials have been considered in their analysis where the through-the-thickness distributions of material properties are taken as the power-law and quadratic functions. Based on the state space approach, Shang (2003, 2005) presented an exact 3D analysis for a FG piezoelectric plate under electro-thermo-mechanical loads. The material properties have been assumed to obey the same exponent-law dependence on the thickness coordinate. The influence of the power of the assumed exponent function on the structural behavior has been examined. Based on the Stroh-like formalism, Lu et al. (2006) studied the similar static problem of FG piezoelectric plates. The appropriate range of thin plate theories has been discussed on a basis of their 3D solutions. Several exact 3D solutions for a variety of coupled electro-mechanical problems have also been presented. The free vibration problems of laminated circular piezoelectric plates and discs and laminated magneto-electro-elastic plates have been studied by Heyliger and Ramirez (2000) and Ramirez et al. (2006b) . Based on the pseudo-Stroh formalism, Pan (2001) presented exact solutions for the static analysis of linearly magneto-electro-elastic, simply supported, multilayered rectangular plates. The pseudo-Stroh formalism has also been applied for the exact analysis of FG and layered magneto-electro-elastic plates by Pan and Han (2005) .
The cylindrical bending problems of orthotropic and laminated piezoelectric structures have been used as the benchmark problems to assess a newly proposed 3D or 2D analysis (Ray et al., 1992; Heyliger and Brooks, 1996; Dumir et al., 1997; Chen et al., 1996) . It has been concluded that the assumption for the linear variations of deformations and electric potential across the thickness coordinate may lead to the satisfactory results for the structural behavior as the ratio of length-to-thickness is larger than six (Ray et al., 1992) .
After a close literature survey, we have realized that there are two approaches, the transfer matrix method (or so-called the propagator matrix method) and power series method, commonly used for the exact analysis of single-layer homogeneous, multilayered and FG elastic and piezoelectric structures. An alternative analytical approach, the asymptotic approach, has been proposed for the previous subjects by Wu and his colleagues (1996 Wu and his colleagues ( , 2002 Wu and his colleagues ( , 2005 Wu and his colleagues ( , 2005 Wu and his colleagues ( , 2006 . The 3D asymptotic formulations for the static, dynamic, buckling and nonlinear analyses of laminated elastic or piezoelectric shells have been developed. It has been shown that the asymptotic solutions are accurate and the rate of convergence is rapid in comparison with the accurate results available in the literature.
Since the asymptotic approach may account for an arbitrary function of material property through the thickness, we extend its application to exact cylindrical bending analysis of FG piezoelectric shells. Based on the generalized Hamilton's principle, Tiersten (1969) indicated that there are two possibilities for electric loading conditions on the lateral surfaces (i.e., either normal electric displacement or electric potential is prescribed). Hence, we aim at developing two different asymptotic formulations corresponding to the cases of prescribed normal electric displacement and electric potential, respectively. Afterwards, these two asymptotic formulations are applied for several benchmark problems of single-layer homogeneous and FG piezoelectric shells.
Basic equations of 3D piezoelectricity
A FG orthotropic piezoelectric cylindrical shell with a large value of length is considered and shown in Fig. 1 . The cylindrical coordinates system with variables x, h, r is used and located on the middle surface of the shell. 2h and R stand for the total thickness and the curvature radii to the middle surface of the shell, respectively. The radial coordinate r is also represented as r = R + f where f is the thickness coordinate measured from the middle surface of the shell.
The constitutive equations valid for the nature of symmetry class of piezoelectric material are given by
where r i , e j denote the contracted notation for the stress and strain components, respectively. D k and E k denote the components of electric displacement and electric fields, respectively. The indices i and j range from 1 to 6, and k and l range from 1 to 3. c ij , e ij and g ij are the elastic, piezoelectric and dielectric coefficients, respectively, relative to the geometrical axes of the cylindrical shell. The material properties are considered as heterogeneous through the thickness (i.e., c ij (f), e ij (f) and g ij (f)).
In the cases of cylindrical bending problems, all the field variables must be the functions of circumferential and thickness coordinates only, not the axial coordinate. Hence, all the relative derivatives of the field variables with respect to the axial coordinate will be identical to zero in the present formulation.
The strain-displacement relations are given by 
in which u x ,u h and u r are the displacement components;
The stress equilibrium equations without body forces are given by
The charge equation of the FG piezoelectric material without electric charge density is
where $ stands for the del operator, the symbol of AE denotes the inner product of vectors and D is the electric displacement vector. The relations between the electric field and electric potential are
where E denotes the electric field vector and U is the electric potential. The boundary conditions of the problem are specified as follows: On the lateral surfaces the transverse load q AE r ðhÞ and normal electric displacement D AE r ðhÞ (or electric potential U AE ðhÞ) are prescribed,
The edge boundary conditions for the suitably grounded, simply supported shells ( Fig. 1) are
where h a denotes the angle between two edges. According to Eqs. (1)- (8), it is listed that there are 22 basic equations of the 3D piezoelectricity. For a 3D analysis, we must determine the aforementioned 22 unknown variables satisfying the basic equations (Eqs.
(1)- (8)) in the shell domain, the boundary conditions at outer surfaces (Eqs. (9) and (10)) and at the edges (Eq. (11)). Apart from the existingly analytical approaches, we aim at developing the asymptotic formulations for the 3D analysis of FG piezoelectric cylindrical shells under two different electric loads (i.e., prescribed normal electric displacement cases and prescribed electric potential cases).
Nondimensionalization
A set of dimensionless coordinates and elastic field variables are defined as
2 ; ð12a-dÞ where 2 2 = h/R; Q denotes a reference elastic moduli. Two different sets of dimensionless electric field variables are defined as
where e denotes a reference piezoelectric moduli. In the present formulations, the superscript j is taken as zero that corresponds to the analysis where the normal electric displacement and mechanical load are prescribed on the lateral surfaces; whereas j = 2 corresponds to the analysis where the electric potential and mechanical load are prescribed on the lateral surfaces.
To simplify the manipulation of the whole mathematic system, we select transverse stresses (s xr ,s hr , r r ), elastic displacements (u x , u h , u r ), normal electric displacement (D r ) and electric potential (U) as primary field variables. The other variables are secondary field variables and can be expressed in terms of primary field variables.
By eliminating the secondary field variables from Eqs. (1)- (8), and then introducing the set of dimensionless coordinates and variables (Eqs. (12) and (13)) in the resulting equations, we can rewrite the basic equations in the form of: 
where the superscript j in Eqs. (16), (17) and (21) represents two different electric loading cases, namely the prescribed normal electric displacement cases (j = 0) and prescribed electric potential cases (j = 2). In addition, 
The secondary field variables, such as in-surface stresses and electric displacements, can be expressed in terms of the primary variables as follows:
The dimensionless form of boundary conditions of the problem are given as follows: On the lateral surface the transverse load and normal electric displacement are prescribed,
At the edges, the following quantities are satisfied:
Asymptotic expansions
Since Eqs. (14)- (21) contain terms involving only even powers of 2, we therefore asymptotically expand the primary variables in the powers 2 2 as given by
4.1. Prescribed normal electric displacement cases (j = 0)
Substituting Eq. (30) into Eqs. (14)- (21), letting j = 0 and collecting coefficients of equal powers of , we obtain the following sets of recurrence equations for various order problems.
The leading-order problem
After performing nondimensionalization and asymptotic expansion manipulation, we obtain the basic differential equations for the leading-order problem given by 
The higher-order problems
The basic differential equations for the higher-order problems are obtained and given by 
The transverse loads and electric normal displacement at the lateral surfaces are given as 
It is noted that the secondary variables for various orders can be expressed in terms of the primary variables of lower-order using Eqs. (22)- (26) with j = 0. For brevity, these expressions are omitted.
Prescribed electric potential cases (j = 2)
Substituting Eq. (30) into Eqs. (14)- (21), letting j = 2 and collecting coefficients of equal powers of , we obtain the following sets of recurrence equations corresponding to various order problems.
The leading order problem
The basic differential equations for the leading-order problem given by 
3 Þ with respect to the thickness coordinate remain identical to those equations in the cases of prescribed normal electric displacement (i.e., Eqs. (31), (33) and (36)- (38)).
The prescribed transverse loads on the lateral surfaces are expressed in the same form as Eq. (39). In addition, electric potential is prescribed as
The edge conditions remain the same as those in the cases of prescribed normal electric displacement (Eq. (41)).
The higher-order problems
The basic differential equations for the higher-order problems are obtained and given by ; ð59Þ
The other differential equations are the same as Eqs. (42), (44) and (47)- (49). The prescribed transverse loads on the lateral surfaces are in the same form as Eq. (50) and the electric potential is given as
The edge conditions remain the same as those in the cases of prescribed normal electric displacement (Eq. (52)). Again, the secondary variables for various orders can be expressed in terms of the primary variables of lower-order using Eqs. (22)- (26) with j = 2.
Successive integration
5.1. Prescribed normal electric displacement cases (j = 0)
The leading-order problem
Examination of the sets of asymptotic equations, it is found that the analysis can be carried on by integrating those equations through the thickness direction. We therefore integrate Eqs. (31)- (34) (64), it is noted that the in-surface displacement at the leading-order level is dependent on the electric potential. Based on the previous study, we may consider Eqs. (61)- (64) as the generalized kinematics assumptions for the cylindrical bending analysis of thin piezoelectric shells under prescribed normal electric displacement.
Proceeding to derive the governing equations for the leading-order, we successively integrate Eqs. (35)-(38) through the thickness with using the lateral boundary conditions on x 3 = À1 (Eqs. (39) and (40)) to yield
13 ¼ À
After imposing the lateral boundary conditions on x 3 = 1, we obtain the governing equations for the leading order problem as follows: Solutions of Eqs. (69)- (72) 
The higher-order problems
Proceeding to order 2 2k (k = 1, 2, 3, etc) and integrating Eqs. (42)- (45) through the thickness coordinate, we readily obtain
where u k 1 ; u k 2 u k 3 and / k represent the modifications to the elastic displacements and electric potential on the middle surface; u 2k , u 3k and u 4k are the relevant functions.
After integrating Eqs. (46)- (49) through the thickness with using Eqs. (73)- (76) and the lateral boundary conditions (Eqs. (50) and (51)), we obtain the governing equations for higher-order problems as follows:
where f 2k , f 3k and f 4k are the nonhomogenous terms and they can be calculated from the lower-order solutions.
With the appropriate edge boundary conditions (Eq. (52)), we can readily obtain the higher-order modifications (i.e., u It is noted that the governing equations of higher-order problems are the same as those equations of the leading-order problem except for the nonhomogenous terms. In view of the recursive property, a solution methodology applied for solving the leading-order problem can be repeatedly applied for solving the higher-order problems. Hence, the present asymptotic solutions can be obtained in a hierarchic manner.
Prescribed electric potential cases (j = 2)

The leading-order problem
Following the similar derivation in the previous cases of applied normal electric displacement and performing successive integration to those basic differential equations through the thickness direction (Eqs. (31), (33), (54) and (55) Eqs. (81)- (84) may be regarded as the generalized kinematics assumptions for the cylindrical bending analysis of thin piezoelectric shells under prescribed electric potential.
By integrating the basic differential equations relative to the transverse stresses (Eqs. (36)- (38)) and electric potential (Eq. (53)) through the thickness and using Eqs. (81)- (84) and the lateral boundary conditions on x 3 = À1 (Eqs. (39) and (56)), we obtain 
After imposing the lateral boundary conditions on x 3 = 1, we obtain the governing equations for the leading-order problem as follows:
in which K ij are defined as previous in the cases of prescribed normal electric displacement, and
Solutions of Eqs. (89)- (92) 
The higher-order problems
Proceeding to order 2 2k (k = 1, 2, 3, etc.) and integrating Eqs. (42), (44), (58) and (59) through the thickness coordinate, we readily obtain After integrating the basic differential equations (Eqs. (47)- (49) and (57)) through the thickness with using Eqs. (93)- (96) and the lateral boundary conditions (Eqs. (50) and (60)), we obtain the governing equations for higher-order problems as follows:
where g 2k , g 3k and g 4k are the nonhomogenous terms and they can be calculated from the lower-order solutions.
With the appropriate edge boundary conditions (Eq. (52)), the higher-order modifications (i.e., u
and D k 3 Þ can be readily obtained using the same solution methodology as used in the leading-order problem. Afterwards, the higher-order modifications of other field variables can be obtained from Eqs. (47)- (49), (57) and (93)-(96).
Applications to benchmark problems
The benchmark problems of simply-supported, functionally graded piezoelectric cylindrical shells under lateral electromechanical loads (Fig. 2) are studied using the present asymptotic formulations.
The electromechanical loads acting on lateral surface of the shell (f = h) are considered and expressed by the Fourier series in the dimensionless form of
whereñ ¼ n= ffiffiffiffiffiffiffiffi h=R p and n is a positive integer. The applications of the present asymptotic formulations to various piezoelectric cylindrical shells under previous two cases of electromechanical loads are detailed described as follows.
Prescribed normal electric displacement cases (j = 0)
The governing equations of the leading-order problem (Eqs. (69)- (72)) can be readily solved by letting
Substituting Eqs. (104)- (107) Carrying on the solution to higher-order (2 2k -order, k = 1, 2, 3, etc.), we find that the nonhomogeneous terms for fixed values of n in the 2 2k -order equations are 
In view of the recurrence of the equations, the 2 2k -order solution can be obtained by letting
Substituting Eqs. (109)- (111) and Eqs. (112)- (115) 
Following the similar solution process of the leading-order level, we obtain the modifications of generalized kinematics variables u k 1n ; u k 2n ; u k 3n and / k n for the higher-order problems. Afterwards, the 2 2k -order corrections are determined using Eqs. (46)- (49) and Eqs. (73)-(76). It is shown that the solution process can be repeatedly applied for various order problems and the asymptotic solutions can be obtained in a hierarchic manner.
Prescribed electric potential cases (j = 2)
The governing equations of the leading-order problem (Eqs. (89)- (92)) can be also solved by letting u (104)- (106) and
Substituting Eqs. (104)- (106) and (117) into Eqs. (89)- (92) can be obtained by solving the simultaneously algebraic equations (118). Once they are determined, the 2 0 -order solution can be obtained from Eqs. (81)-(88). Again, the summation signs would be dropped for brevity in the following derivation.
Carrying on the solution to higher-order (2 2k -order, k = 1, 2, 3, etc.), we find that the nonhomogeneous terms for fixed values of n in the 2 2k -order equations are 
In view of the recurrence of the equations, the 2 2k -order solution can be obtained by letting u k 1 ; u k 2 and u k 3 be in the same forms as Eqs. (112)- (114) and
Substituting Eqs. (112)- (114) and (122) into Eqs. (97)- (100) 
By solving the system of algebraic equations (123) for the higher-order problems. Afterwards, the 2 2k -order corrections are determined using Eqs. (47)- (49), (57) and (93)-(96). Again, it is shown that the solution process can be repeatedly applied for various order problems and the asymptotic solutions can be obtained in a hierarchic manner.
Illustrative examples
In illustrative examples, we consider four cases of electromechanical loads as follows: For the cases of prescribed electric potential (j = 2), we consider
For the cases of prescribed normal electric displacement (j = 0), we consider
Since the material is considered as heterogeneous through the thickness coordinate in the present asymptotic formulations, we evaluate the structural behavior of two types of piezoelectric cylindrical shells by assuming appropriate material property variations through the thickness coordinate as follows: Type 1-single-layer piezoelectric cylindrical shells. For a Type 1 shell, the material properties are assumed as homogeneous, independent upon the thickness coordinate, and are given by
where m ij = c ij , e ij and g ij . Type 2-functionally graded piezoelectric shells. For a Type 2 shell, the material properties are assumed to obey the identical exponent-law varied exponentially with the thickness coordinate and are given by
where the superscript b in the parentheses denotes the bottom surface; a is the material property gradient index which represents the degree of the material gradient along the thickness and can be determined by the values of the material properties at the top and bottom surfaces, i.e.,
where the superscript t in the parentheses denotes the top surface. ln(z) denotes the natural logarithm function of z which is the inverse of the exponential function, e z . A typical exponential function e a[(f+h)/2h] used for material properties in the present analysis, is sketched in Fig. 3 where a is taken as the values of À3.0, À1.5, 0, 1.5, 3, respectively.
Single-layer piezoelectric cylindrical shells
For comparison purpose, the present asymptotic formulations are applied to the cylindrical bending analysis of simply-supported, single-layer homogeneous piezoelectric cylindrical shells in Tables 2 and 3 . The shells are considered to be composed of polyvinyledence fluoride (PVDF) polarized along the radial direction. The elastic, piezoelectric and dielectric properties of PVDF material are given in Table 1 . The loading conditions on lateral surfaces are considered as Cases 1 and 2 with q 0 = À1 N/m 2 and / 0 = À1 V (Eqs. (124) and (125)), respectively, in Tables 2 and 3 . The dimensionless variables are denoted as the same forms of those in the reference . For loading conditions of Case 1 in Table 2 where the mechanical load is applied with free electric potential on the lateral surfaces of the shells, the dimensionless variables are denoted as Table 3 where the electric potential is applied with free tractions on the lateral surfaces of the shells, the dimensionless variables are denoted as 
ðr x ; r h ; r r ; s hr Þ ¼ ðr x ; S 2 r h ; S 3 r r ; S 3 s hr Þ2h=Y r jd 1 jj/ 0 j; Tables 2 and 3 show the present asymptotic solutions of elastic and electric field variables for various orders at crucial positions in the cylindrical shells. The present asymptotic solutions are computed up to the 2 12 -order level with R/2h = 4, 10, 100 and h a = p/3. It is shown that the convergent speed in the cases of thin shells is more rapid than that in the cases of thick shells. The present convergent solutions yield at the 2 8 -order level for the cases of thick shells (R/2h = 4), at the 2 6 -order level for the cases of moderately thick shells (R/2h = 10) and at the 2 4 -order level for the cases of thin shells (R/2h = 100). The present convergent solutions are also compared with the 3D piezoelectricity solutions available in the literature . It is shown that the present convergent solutions are in good agreement with the 3D piezoelectricity solutions.
Functionally graded piezoelectric cylindrical shells
Figs. 4-6 show the variations of mechanical and electric variables across the thickness coordinate for the moderately shells (R/2h = 10) under loading conditions of Cases 1, 2 and 4, respectively, where a is taken as À3.0, À1.5, 0, 1.5, 3.0.. The material properties are assumed to obey the identical exponent-law varied exponentially with the thickness coordinate and are given in Eq. (129). The material properties of PZT-4 are used as the reference material properties (Table 1) and placed on the bottom surface (i.e., c 
where a is considered to range from À3.0 to 3.0 so that the ratio of material properties between top surface and bottom surface is approximately from 0.05 to 20. In addition, the present results for FG piezoelectric shells with a particular value of a = 0 may reduce to the results of single-layer homogeneous piezoelectric shells. 
where c * = 10 · 10 9 N/m 2 , e * = 10 C/m 2 , q 0 = À1 N/m 2 , / 0 = 1 V, D 0 = 1 C/m 2 . The influence of material property gradient index on the mechanical and electric variables is studied among loading conditions of Cases 1, 2 and 4 in Figs. 4-6 , respectively. Figs. 5(c) and (d) and 6(c) and (d) show that the through-the-thickness distributions of transverse stresses change dramatically as the index a becomes a positive value for Case 2; conversely, they change dramatically as the index a becomes a negative value for Case 4. The distributions of transverse stresses across the thickness coordinate in the Cases of 2 and 4 are higher-degree polynomials and are back and forth among the positive and negative values. It is also shown from Figs. 4(e) and (f) that the distributions of normal electric displacement through the thickness coordinate are approximately linear functions and parabolic functions for electric potential in Case 1. The through-thethickness distributions of electric potential and normal electric displacement in Figs. 5(e) and (f) and 6(e) and (f) are shown to be different patterns between homogeneous piezoelectric shells (a = 0) and FG piezoelectric shells in the cases of applied electric loads. By observation through Figs. 4-6, we found that the distributions of mechanical and electric variables through the thickness coordinate in FG piezoelectric shells reveal different patterns from homogeneous piezoelectric shells. Hence, it is suggested that an advanced 2D theory may be necessary to be developed for the analysis of FG piezoelectric shells, especially when the shells are subjected to electric loads.
Concluding remarks
Based on the method of perturbation, we develop two asymptotic formulations for the coupled static analysis of FG piezoelectric shells under two cylindrical bending types of electric loads. After a dimensional analysis, we select two different sets of dimensionless variables of electric field in conjunction with one identical set of those of elastic field. Through the complicated but straightforward manipulation, such as nondimensionalization, asymptotic expansions, successive integration etc, we obtain two recursive sets of governing equations for various order problems. In the cases of prescribed normal electric displacement, the variable of electric potential becomes as one of the generalized kinematics field variables in the governing equations for various order problems; whereas the variable of normal electric displacement becomes so in the cases of prescribed electric potential. These formulations are illustrated to be feasible in a systematic manner. Applications of the present formulations to illustrated examples show that the present solutions are accurate and the rate of convergence is rapid. It is noted that the through-the-thickness distributions of field variables in FG piezoelectric shells reveal different patterns from those in homogenous piezoelectric shells. According to the present analysis, we suggest that an advanced 2D theory may be necessary to be developed for the analysis of multilayered and FG piezoelectric shells, especially when the shells are subjected to electric loads.
